Using weighted averages of Gauss and Ramanujan sums, we find exact formulas involving Jordan's and Euler's totient function for the mean square average of L(1, χ ) when χ ranges over all odd characters modulo k and L(2, χ ) when χ ranges over all even characters modulo k. In principle, using our method, it is always possible to find the mean square average of L(r, χ ) if χ and r 1 have the same parity and χ ranges over all odd (or even) characters modulo k, though the required calculations become formidable when r 3. Consequently, we see that for almost all odd characters modulo k, |L(1, χ )| < Φ(k), where Φ(x) is any function monotonically tending to infinity.
The connection between the class number of a quadratic field and L(1, χ ) turned out to have important consequences (see [10] ). On the other hand, there is also an apparent parity obstruction, precisely that if χ and r 2 are of opposite parity (so that ν and r 2 are of opposite parity), then there seems to be no elementary evaluation of L(r, χ ). A striking example of this obstruction is the collection of values of the Riemann zeta function at odd integers 3. Motivated by the work of Berndt and Zaharescu [7] , the author [1] studied special values of L-functions having periodic coefficients via periodic Lipschitz type summation formulas. Applications to the Fourier expansion of Eisenstein series on congruence subgroups are also given in [1] . In continuation of this work, it is shown in [2] that if χ and r 1 have the same parity, then one can always obtain an evaluation of L(r, χ ) in terms of certain finite trigonometric sums regardless of χ being primitive or not. In particular, if χ is any odd character modulo k, then the identity
holds. Some curious exact evaluations of trigonometric sums are also given in [2] such as
for k 2, where
is Jordan's totient function of order n 1. We should mention that there are general evaluation procedures of Berndt [5] and Berndt and Schoenfeld [6] for the special values of Lerch zeta functions. problem of determining the mean square average of partial sums of primitive characters was studied earlier by Bateman and Chowla [3] . 
Theorem 1. The formula
χ (mod k) χ odd L(1, χ) 2 = π 2 ϕ(k) 4k 2 J 2 (k) 3 − ϕ(k) holds for k 3,J 2 (k) 3 − ϕ(k) .
Consequently, if Φ(x) is any function monotonically tending to infinity, then for almost all odd characters
In contrast with Theorem 1, it is relatively easy to derive approximate formulas. Indeed writing
then using Abel's summation and the Polya-Vinogradov inequality on the tail of the series, we may obtain
for any non-principal character modulo k. Summing over all odd characters modulo k 3, we deduce
Choosing x = k, it is possible to arrive at the formula
Theorem 2. The formula 
We remark that if χ and r 1 have the same parity, then using our approach it is always possible to determine the average value of |L(r, χ )| 2 when χ ranges over all odd (or even) characters modulo k. But it turns out that the required calculations become increasingly complex when r 3. For this reason it is preferable to give these averages only for the cases r = 1, 2.
Proof of Theorem 1
Let us start by giving an alternative representation of L(1, χ ) when χ is an odd character modulo k 3. It is proved in [2] that if χ and r 1 have the same parity, then 
To proceed, we need to exploit the orthogonality of characters. Since the innermost sum of (2.4) is only over odd characters, this needs some justification. Note that there are exactly
odd characters modulo k 3 and we have
Indeed if ψ is an even character modulo k, then ψ can be regarded as a character on the quotient group Z k × /{±1}. Therefore, if u ≡ ±1 (mod k), then we can find an even character ψ modulo k such that ψ(u) = 1. Note that as χ ranges over all odd characters modulo k, then so is ψχ and consequently we have
and since ψ(u) = 1, this forces
when m = n or m = k − n respectively and
otherwise. Combining (2.4), (2.5) and (2.6), we have
To simplify the triple sums appearing in (2.7), we introduce the Ramanujan sum which is defined by
for z ∈ C. Using (2.8), note that
.
From (2.9) and (2.10), we have
Similarly, we obtain
Moreover, we have 
(2.14)
Also note that
Now (2.12), (2.14) and (2.15) give
Using (2.7), (2.11) and (2.16), we deduce
(2.17)
It remains to evaluate the sum
We may use
Finally, combining (2.17), (2.19) and (2.20), the desired formula
follows for k 3. To complete the proof, observe that
and consequently that
as k tends to infinity. In conclusion, |L(1, χ )| < Φ(k) for almost all odd characters modulo k. This completes the proof of Theorem 1.
Proof of Theorem 2
Throughout the proof χ will be an even character modulo k. First observe that Taking r = 1 in (3.2), one obtains
3)
since r = 1 and χ are of opposite parity and G(k, χ ) = 0 when χ is non-principal modulo k 3.
Taking r = 2 in (2.1), we have 
for any non-principal even character χ modulo k 3. It follows from (3.5) that
In the case of even characters modulo k 3, it is possible to obtain similarly as in the proof of Theorem 1 that
where we used the fact that if u ≡ ±1 (mod k), then
for k 3 and otherwise
Again as in the proof of Theorem 1, we compute
Combining (2.14) with (3.9), we obtain
(3.10)
Using (3.10), we deduce
Gathering (3.7), (3.8) and (3.11), we have
(3.12)
Let us recall that
(3.13)
It remains to compute the sum
We may use (2.1) with the principal character χ = χ 0 modulo k 3 and r = 4 to arrive at the
(3.14)
Using cos(
) and rearranging (3.14), we have
and combining (3.12), (3.13) and (3.15), one has
Next we evaluate
To this end, one can use an alternative evaluation of the Ramanujan sum in the form
. (3.17) From (3.17), we have
(3.18)
Observing that 1 (3.19) where ω(n) is the number of distinct prime divisors of n and P (n) is the product of all distinct prime divisors of n. Since R k (k) = ϕ(k), as a consequence of (3.18) and (3.19), we have Note how the sum on the right side of (3.24) becomes more and more complex as r increases. Moreover, a systematic way of expressing any order derivative of 1 e w −1 is also desired and this is discussed in [2] as well.
